In this paper we use admissible covers investigate the gonality of a stable curve C. If C is irreducible, we compare its gonality to that of its normalization. If C is reducible, we compare its gonality to that of its irreducible components. In both cases we obtain lower and upper bounds. Furthermore, we show that the admissible covers constructed give rise to generically injective maps of Hurwitz schemes and that the closure of their images are components of the boundary of the correponding Hurwitz scheme.
Introduction
The gonality is an important numerical invariant in the study of algebraic curves and is related to the study of finite maps between curves. A smooth curve C is said to be k-gonal if it admits a k-degree map C → P 1 . If C has genus g, it follows from the Riemann-Roch theorem that C is k-gonal for any k ≥ g + 1. Furthermore, it follows from Brill-Noether theory that C is k-gonal for some k ≤ (g + 3)/2.
In 1891, A. Hurwitz gave in [H] a complex structure to the set H k,g of all k-sheeted simple coverings of P 1 by smooth complex curves of genus g with b = 2g + 2k − 2 branch points. Using calculations of Lüroth and Clebsh, he proved that H k,g is connected. In 1921, F. Severi proved in [S] the irreducibility of the (coarse) moduli space M g of smooth curves of genus g by combining Hurwitz's result with the fact that every smooth curve of genus g appears as an k-sheeted simple covering of P 1 , if k ≥ g + 1. Later on, in 1969, W. Fulton considered in [F] the problem of constructing H k,g over the integers. He defined a finiteétale morphism δ from H k,g onto an open subscheme of the projective scheme parametrizing b-tuples of distinct points of P 1 , by mapping a covering to its branch locus.
When studying smooth curves in families, one is compelled to consider singular curves as well. Indeed, the moduli space M g of smooth curves of genus g is not compact, and a compactification is given by the moduli space M g of stable curves of (arithmetic) genus g. A stable curve C is said to be kgonal if it is a limit of smooth k-gonal curves. In 1982, Harris and Mumford characterized k-gonal stable curves in terms of k-sheeted admissible covers in [HM82] . This result is a natural connection between the study of the gonality of stable curves and the study of (generalized) Hurwitz schemes parametrizing admissible covers.
Not much is known about the gonality of stable curves. Ballico investigated the gonality of graph curves in [Ba] . Caporaso showed in [C] a relation between the gonality of a stable curve and that of its graph. In her thesis [Br] , Brannetti studied the gonality of stable curves with two components.
Main Results
In this work we use admissible covers to investigate the relationship between the gonality of a stable curve C and that of its partial normalizations and irreducible components. A k-sheeted admissible cover for C is a tuple (π, B, q 1 , . . . , q b ) where π : C → B is a finite map of degree k and (B, q 1 , . . . , q b ) is a b-pointed stable curve of genus 0 satisfying a few conditions (see Section 3 or [HM82] for the precise definition). By [HM82] , a stable curve C is k-gonal if and only if there is a k-sheeted admissible cover for a nodal curve C stably equivalent to C, that is, such that C is obtained from C by contracting to a node every rational component of C that meets the rest of the curve in only one or two points. Now let n be a node of C and let C n be the normalization of C at n. We say that n is a separating node if C n is disconnected. If n is non-separating and C n is k n -gonal then there is a k n -sheeted admissible cover π : C n → B, where C n is stably equivalent to C n . On Theorem 3 we construct from π an admissible cover for a curve stably equivalent to C, thus comparing the gonality of C to that of C n . The construction is different depending on the behaviour of π on the points of C n over the node n and the resulting admissible cover can be either k n -sheeted or k n +1-sheeted. As a consequence we obtain on Corollary 4 a comparison between the gonality of an irreducible nodal curve C and that of its normalization. Now, if n is a separating node, then C n can be seen as a disjoint union of two subcurves of C. More generally, let Y 1 , . . . , Y r be connected subcurves of
, where Y i is stably equivalent to Y i . Under some conditions on the maps π 1 , . . . , π r , we produce a k-sheeted admissible cover for a curve stably equivalent to C, where k = k 1 + . . . + k r − (δ 1 + . . . + δ r )/2 and δ i is the number of points where Y i meets the rest of the curve C (see Theorem 6 for the precise statement). This allows us to compare in Corollary 9 the gonality of C to that of its irreducible components.
The theorem below summarizes the bounds obtained in Section 3:
Theorem A Let C be a stable curve.
(i) If C is irreducible with δ nodes and its normalization isk-gonal, then C is k-gonal for somek ≤ k ≤k + δ.
(ii) If C is reducible with irreducible components C 1 , . . . , C p and each C i is k i -gonal, then C is k-gonal for some
where δ is the number of external nodes of C.
In Section 4 we view the three constructions of admissible covers made in Section 3 as morphisms of pointed Hurwitz schemes. A pointed Hurwitz scheme H k,g, 1 ,..., n parametrizes k-sheeted admissible covers of a genus-g curve C together with 1 + . . . + n marked points of C satisfying some conditions (see Section 4 for the precise definition). Using a local description of H k,g, 1 ,..., n we show that the three maps are generically injective. As a consequence, we can determine in Corollaries 13, 14 and 15 the minimum k for wich a general curve in their image is k-gonal.
It's easy to describe the border of the Hurwitz scheme H k,g parametrizing k-sheeted admissible covers π : C → B where C is a stable curve of genus g. For instance, the closure ∆ n of the locus of those admissible covers such that B has n + 1 components is in the border. Moreover, ∆ n has codimension n in H k,g but, in general, it is not irreducible. We show on Theorem 16 that the closures of the images of the three maps of Hurwitz schemes we constructed are irreducible components of ∆ n for n = 1 or 2.
The results of Section 4 are summarized in the following theorem:
Theorem B There are generically injective morphisms
and λ :
such that the closure of the image of φ is an irreducible component of ∆ 2 and the closure of the images of ψ and λ are irreducible components of ∆ 1 , in the corresponding Hurwitz scheme.
An interesting consequence of this result is that, by varying k 1 , k 2 , g 1 , g 2 and δ, the locus ∆ 1 can be completely covered by the closures of the images of maps λ.
Technical background
Let K be an algebraically closed field. A curve C is a connected, projective and reduced scheme of dimension 1 over K. The genus of C is g(C) := h 1 (C, O C ). A subcurve Y of C is a reduced subscheme of pure dimension 1, or equivalently, a reduced union of irreducible components of
A nodal curve C is a curve with at most ordinary double points. A node n of C is said to be external if n ∈ Y ∩ Y c for some subcurve Y of C, otherwise the node is called internal. An external node is said to be separating if there is a subcurve Y of C such that Y ∩ Y c = {n}. The subcurves Y and Y c are said to be tails of C associated to the separating node n.
Let I be a coherent sheaf on a curve C. We call deg(I) := χ(I) − χ (O C ) the degree of I. If Z is a subcurve of C then we denote by deg Z (I) the degree of the restriction I| Z . If C 1 , . . . , C p are the irreducible components of C, then the multidegree of I is the n-uple deg(I) := (d 1 , . . . , d n ) where
Let C be a nodal curve e let ν : C → C be its normalization. Let n be a node of C. We call the pair {n (1) , n (2) } ⊂ C such that ν(n (1) ) = ν(n (2) ) = n the branches over the node n.
A family of curves is a proper and flat morphism f : C → B whose fibers are curves. If b ∈ B, we denote by
, regular if C is regular and pointed if it is endowed with a section σ : B → C through the smooth locus of f . A smoothing of a curve C is a regular local family f : C → B with special fiber C.
Let B be a scheme and let g and n be non-negative integers such that 2g − 2 + n > 0. A n-pointed stable curve of genus g over B is a family of curves π : C → B together with n distinct sections s i : B → C such that, for every b ∈ B:
1. The geometric fibers C b of π are genus-g nodal curves and s 1 (b), . . . , s n (b) are distinct smooth points of C b ;
2. For every smooth rational subcurve E of C b , the number of points where E meets E c plus the number of indices i such that s i (b) lies on E is at least three.
A stable curve over B is a 0-pointed stable curve over B. A stable curve is a stable curve over Spec (K) .
3 Gonality of stable curves sec:gon A smooth curve is k-gonal if it admits a g 1 k , that is, a line bundle of degree k having at least two sections. Equivalently, a smooth curve is kgonal if it admits a map of degree k or less to P 1 . Now, a stable curve C is k-gonal if it is a limit of smooth k-gonal curves in M g . More precisely, C is k-gonal if it admits a smoothing f : C → B such that the general fiber is a k-gonal smooth curve and the special fiber is C. Note that, although a kgonal stable curve does admit a g 1 k , the converse is not always true. Indeed, if C is the curve obtained by gluing a Weierstrass point of a hyperelliptic smooth curve to a non-Weierstrass point, then the resulting g 2 1 on C is not a limit of g 2 1 on smooth curves. Alternatively, k-gonal stable curves can be characterized in terms of admissible covers. Let (B; p 1 , . . . , p b ) be a stable b-pointed curve of genus 0. A k-sheeted admissible cover of B consists of a finite morphism π : C → B of degree k, such that C is a nodal curve and:
2. π is unramified away from C sing and away from p 1 , . . . , p b ; 3. π is simply branched over the points p 1 , . . . , p b ; 4. for every node q of B and every node n of C lying over it, the two branches of C near n map to the branches of B near q with the same ramification index.
It follows from the Riemann-Hurwitz theorem that k, b and the genus g of
Let π : C → B be a k-sheeted admissible cover. Let n be a node of C and set q = π(n). Condition 4 above implies that, locally around n, the curve C can be described as xy = t and, locally around q, the curve B can be described as uv = t for some . Moreover, the map π is given by u = x and y = v .
Let C be a stable curve. We say that a nodal curve C is stably equivalent to C if C is obtained from C by contracting to a point all smooth rational components of C meeting the other components of C in only one or two points. The following result by Harris and Mumford relates the notion of admissible cover and gonality of stable curves.
HarrMum Theorem 1 (Harris-Mumford) A stable curve C is k-gonal if and only if there exists a k-sheeted admissible cover C → B of a stable (pointed) curve of genus 0 whose domain C is stably equivalent to C.
Proof. Cf. [HM82, Thm. 4, p. 58] .
The following lemma relates the irreducible components of a stable curve C to those of a curve stably equivalent to it. lem:admiss Lemma 2 Let C be a stable curve and let π : C → B be an admissible cover, where C is stably equivalent to C. Denote by τ : C → C the induced map. Then for each irreducible component C r of C there is an irreducible component C r of C such that τ (C r ) = C r and τ | C r is a normalization map.
Proof. First we note that, since the components of B are smooth and π −1 (B sing ) = C sing , then the components of C are also smooth. Now fix a component C r of C. By definition, there is an unique component C r of τ −1 (C r ) dominating C r . Since C r is smooth, then τ | C r : C r → C r is a normalization map.
Let C be a stable curve and C a nodal curve stably equivalent to C with induced map τ : C → C. Let p be a smooth point of C, we say that a point p ∈ C is equivalent to p if p is a smooth point of C and τ (p ) = p.
Non-separating nodes
We first focus on a partial normalization of a stable curve at a nonseparating node. This will allow us to relate the gonality of an irreducible curve to that of its normalization in Corollary 4.
irred:lem Theorem 3 Let C be a stable curve and let n be a non-separating node of C. Let C n be the normalization of C at n and let π : C n → B be a finite map of degree k where C n is stably equivalent to C n and π satisfies conditions (1), (2) and (4) of a k-sheeted admissible cover. Denote by n (1) , n (2) ⊂ C n the branches over n and,
where C is stably equivalent to C, contains C n as a subcurve and π
, then there is a k-sheeted admissible cover π :
C → B , where C is stably equivalent to C, contains C n as a subcurve and π | C n = π. In particular, C is k-gonal.
Proof. (a) To obtain the cover π we proceed as follows:
Step 1. Set q i := π(n (i) ) and let l i be the ramification index of π at n (i) , for i = 1, 2. We thus have
where m (i) j ∈ C n , for i = 1, 2 and j = 1, . . . , u i . For each i we glue (see Figure 1 ):
• a copy of P 1 to B at q i ;
• a copy of P 1 to C n at n (i) mapping to the copy at q i via a (l i + 1)-degree map ramified to order l i at n (i) (call these copies I and II);
• a copy of B passing through copies I and II at points lying over q 1 and q 2 but distinct from n (1) and n (2) , respectively, mapping to B via a 1-degree map (call this copy III);
• a copy of P 1 at every m (i) j , for j = 1, . . . , u i , mapping to the copy at q i via a λ
Step 2. For every p ∈ B having multiple branched points of π in its fiber, that is, such that
where m 1 , . . . , m u ∈ C n and ρ j > 2 for some j = 1, . . . , u, we glue:
• a copy of P 1 at p;
• a copy of P 1 at every m j mapping to the copy over p via a ρ j -degree map totally ramified at m j .
At the end of this proccess we obtain from C n a curve C stably equivalent to C, from B a stable pointed curve B of genus 0, and a map π : C → B given by π when restricted to C n , and by the maps described above when restricted to the added rational components of C . Note that, if π has b = 2(g − 1) + 2k − 2 ramification points, then π has 2g + 2(k + 1) − 2 = b + 4 ramification points, where g is the genus of C. Two of these four extra points lie in the copy of P 1 at q i for each i = 1, 2, thus rendering the pointed curve B stable. By construction, C n is a subcurve of C and π is a (k + 1)-sheeted admissible cover. (b) To obtain the cover π we proceed as follows: Set q := π(n (1) ) = π(n (2) ) and let l i be the ramification index of π at n (i) , for i = 1, 2, so that
where m 1 , . . . , m u ∈ C n . We glue (see Figure 2 ):
• a copy of P 1 to B at q;
• a copy of P 1 to C n passing through n (1) and n (2) mapping to the copy over q via a (l 1 + l 2 )-degree map ramified to order l 1 at n (1) and to order l 2 at n (2) ;
• a copy of P 1 at every m j , for j = 1, . . . , u mapping to the copy at q via a λ j -degree map totally ramified at m j .
Moreover, for every p ∈ B having multiple branched points of π in its fiber, we repeat
Step 2 of (a).
n' As before, we note that if π has b ramification points, then π has b + 2 ramification points and these two extra points lie in the copy of P 1 at q, thus rendering the pointed curve B stable. As before, we obtain an admissible cover π : C → B such that C n is a subcurve of C . It is easy to see that π is of degree k.
irred:cor Corollary 4 Let C be an irreducible nodal curve with nodes n 1 , . . . , n δ and let C be its normalization. Let {n
j } ⊂ C be the branches over each n j , for j = 1, . . . , δ. Assume that C is k-gonal with k-degree map π : C → P 1 and let ε be the number of indices j such that π(n
Proof. By Theorem 1 it is sufficient to construct a (k + ε)-sheeted admissible cover π : C → B where C is stably equivalent to C. Let
We proceed first by induction on the elements of J = {j 1 , . . . , j ε }. Let C j 0 =C and for each 1 ≤ e ≤ ε denote by C je the curve obtained by normalizing all the nodes of C, except n j 1 , . . . , n je . For 0 ≤ e < ε, assume there is a (k + e)-admissible cover π je : C je → B je such that C je is a curve stably equivalent to C je havingC as a component and π je |C = π. Then, by Theorem 3 (a), there is a (k + e + 1)-admissible cover π j e+1 : C j e+1 → B j e+1 such that that C j e+1 is stably equivalent to C j e+1 , hasC as a component and π j e+1 |C = π.
We have thus showed that there is a (k + ε)-sheeted admissible cover π jε : C jε → B jε such that that C jε is stably equivalent to the curve obtained normalizing the nodes n j of C such that π(n
C is a component of C jε and π jε |C = π. Hence, for every index j in
Note that J has δ − ε elements. It follows from Theorem 3 (b), applied (δ − ε) times, that there is a (k + ε)-sheeted admissible cover π : C → B such that that C is stably equivalent to C.
cor:irred2 Corollary 5 Let C be an irreducible nodal curve. If there exists a k-degree map π :
Proof. Let ν : C → C be the normalization of C. For each node n j of C let {n
j } ⊂ C be the branches over n j . Thenπ := π • ν is a k-degree map such thatπ(n 
Separating nodes
We now turn our attention to separating nodes. 
• n i,1 , . . . , n i,δ i ∈ C be the intersection points between Y i and Y c i ;
• n (i) j be the branch over n i,j at Y i and let n j (i) ∈ Y i be equivalent to
Proof. By Theorem 1 it is sufficient to construct a (k 1 +. . .+k r −δ)-sheeted admissible cover π : C → B where C is stably equivalent to C. To obtain the cover we proceed as follows.
where m
We glue (see Figure 3 ): • a copy of P 1 , denoted by B , passing through B 1 , . . . , B r at q 1 , . . . , q r , respectively, and thus linking the curves. Denote by B the genus-0 curve thus obtained;
• whenever n i 0 ,j 0 = n i 1 ,j 1 , a copy of P 1 passing through Y i 0 and Y i 1 at n j 0 (i 0 ) and n j 1 (i 1 ) , and thus linking both curves, mapping to B via a (l
)-degree map ramified to order l i 0 j 0 at n j 0 (i 0 ) and to order l
, where 1 ≤ i 0 , i 1 ≤ r, 1 ≤ j s ≤ δ is and s = 1, 2;
• a copy of P 1 at m
j , mapping to B via a λ i j -degree map totally ramified at m be the order of ramification of this map at m i j,s and add copies of P 1 mapping to B s via a ν i j,s -degree map totally ramified at m i j,s , for each 1 ≤ i, s ≤ r, s = i, 1 ≤ j ≤ u i .
Repeating then
Step 2 of Theorem 3, we thus obtain a curve C stably equivalent to C, a stable pointed genus-0 curve B and a map π : C → B given by π i when restricted to Y i , and by the maps described above when restricted to the added rational components of C . By construction π has degree k = k 1 + . . . + k r − δ. Now note that if each π i has b i = 2g i + 2k i − 2 ramification points, where g i is the genus of Y i , then since C has genus g = g 1 + . . . + g r + δ − (r − 1), then π has b = 2g + 2k − 2 = b 1 + . . . + b r ramification points. Thus there are no extra ramification points arising from this construction. In particular, this implies that, for r = 2, the component B of B has only two special points, namelly q 1 and q 2 , and thus B is not stable. This does not happen for r ≥ 3 and in this case π is a k-sheeted admissible cover. If r = 2, contracting B and the rational components of C mapping to it, one also obtains a k-sheeted admissible cover, see Figure 3 .
Figure 3: Theorem 6 for r = 3, δ = 2, k 1 = 4 and k 2 = k 3 = 2 fig: prop6r3 cor:sepnode Corollary 7 Let C be a stable curve and let n be a separating node of C with associated tails Y 1 and
Proof. Follows from Theorem 6.
teo:uplowbound Theorem 8 Let C be a stable curve and let Y 1 be a subcurve of C. Set Y 2 := Y c 1 and let δ be the number of nodes in
Proof. Let n 1 , . . . , n δ be the nodes in Y 1 ∩ Y 2 . As in Theorem 6, let π i : Y i → B i be a k i -sheeted admissible cover, where Y i is stably equivalent to Y i . Let n (i) j be the branch over n i,j at Y i and let n j (i) ∈ Y i be equivalent to n (i) j , for j = 1, . . . , δ and i = 1, 2.
For i = 1, 2 let q i = π i (n 1 (i) ) and J = {j | π 1 (n j (1) ) = q 1 and π 2 (n j (2) ) = q 2 }.
Let C J be the curve obtained by normalizing all the nodes n j of C such that j ∈ J. If ε is the number of indices in J, then 1 ≤ ε ≤ δ and, by Theorem 6, C J is (k 1 + k 2 − ε)-gonal. Let γ = δ − ε and {j 1 , . . . , j γ } = {1, . . . , δ} \ J. Let C 0 = C and, for each 1 ≤ e ≤ γ, denote by C e the curve obtained normalizing the nodes n j 1 , . . . , n je of C. Note that C γ = C J . The result now follows follows applying Theorem 3 (a) consecutively to the nodes n jγ , . . . , n j 1 of C γ−1 , . . . , C 0 , respectively.
cor:bound Corollary 9 Let C be a stable curve with irreducible components C 1 , . . . , C p and δ external nodes. If
Proof. Follows from Theorem 8.
The upper bound on Corollary 9 can be improved under some conditions. red:conjugate Proposition 10 Let C be a stable curve with p smooth irreducible components C 1 , . . . , C p . For each node n j of C, let C j(1) and C j(2) be the irreducible components of C containing n j and denote by n (1) j and n (2) j the branches ao n j at C j(1) and C j(2) , respectively. Assume that:
1. there is a k s -degree map π s : C s → P 1 , for each irreducible component C s of C;
Proof. By Theorem 1 it is enough to construct a (k 1 + . . . + k p )-sheeted admissible cover π : C → B where C is stably equivalent to C.
Step 1. Set B = P 1 so that the maps π s have image in B. For each node n j of C we proceed as follows. Set q j := π j(i) (n (i) j ) ∈ B and let l j(i) be the ramification index of π j(i) at n (i) j , for i = 1, 2, so that
where m j(i),1 , . . . , m j(i),u ∈ C j(i) . We glue (see Figure 5 ):
• a copy of P 1 to B at q j ;
• a copy of P 1 passing through C j(1) and C j(2) at n (1) j and n (2) j , thus linking the two curves, and mapping to the copy at q j via a (l j(1) +l j(2) )-degree map ramified to order l j(1) at n (1) j and to order l j(2) at n (2) j ;
• a copy of P 1 at every m j(i),s mapping to the copy at q j via a λ j(i),sdegree map totally ramified at m j(i),s .
Step 2. For each j and each i such that i ∈ {j(1), j(2)} set
Then we glue a copy of P 1 at every m i,j mapping to the copy at q j via a ν i,j -degree map totally ramified at m i,j .
We thus obtain from C a curve C stably equivalent to C, from B a stable pointed genus-0 curve B , and a map π : C → B given by π s when restricted to C s and by the maps described above when restricted to the added rational components of C . By construction π is a (k 1 + . . . + k p )-sheeted admissible cover. The Hurwitz scheme H k,g in its simplest form parametrizes families of k-sheeted covers of P 1 with b = 2g + 2k − 2 ordinary branch points. More precisely, H k,g is the moduli space of pairs (C, π) , where C is a smooth curve of genus g and π : C → P 1 is finite of degree k branched only over b distinct points Q 1 , . . . , Q b ∈ P 1 . By [F] and [M] , H k,g is itself a finiteétale cover of the open subset U of (P 1 ) b−3 parametrizing sequences {Q i } where Q i = Q j for i = j.
The scheme H k,g maps naturally to the moduli space M g of smooth curves of genus g via a forgetful map σ whose image contains an open subset of the locus in M g of k-gonal curves. A good compactification H k,g of H k,g should extend σ to a morphism σ : H k,g → M g , where M g is the moduli space of stable curves of genus g.
This compactification can be done by means of Knudsen's theory of b-pointed curves, see [K] and [HM82] . Knudsen introduced a smooth projective compatification P of U parametrizing b-pointed stable curves C of genus 0, up to isomorphism. We note that U is an open dense subset of P corresponding to b-pointed irreducible curves of genus 0.
Let H k,g be the functor that takes a scheme S to the set of tuples (π, B, q 1 , . . . , q b ) where (B, q 1 , . . . , q b ) is a b-pointed stable curve of genus 0 over S and π : C → B is a k-sheeted admissible cover over S branched only over q 1 , . . . , q b , that is, C is an S-scheme and for each s ∈ S, the map π(s) : C(s) → B(s) is a k-sheeted admissible cover branched only over q 1 (s), . . . , q b (s). By [HM82, Theorem 4, p. 58] , the functor H k,g is coarsely represented by a scheme H k,g finite over P. In particular, H k,g contains H k,g as an open and dense subset and
(1) eq:hurdim
Now we consider Hurwitz schemes with marked points. Let H k,g, 1 ,..., n be the functor taking a scheme S to the set of tuples
where (B, q 1 , . . . , q b ) a b-pointed stable curve of genus 0 over S, π : C → B is a k-sheeted admissible cover over S branched only over q 1 , . . . , q b and
(2) eq:pointedhurwtz
teo:repr Theorem 11 The functor H k,g, 1 ..., n is coarsely represented by an irreducible scheme H k,g, 1 ,..., n of dimension 2g + 2k − 5 + n, for 1 , . . . , n ≥ 1. Moreover, H k,g, 1 ,..., n contains an open and dense subset H k,g, 1 ,..., n parametrizing degree-k maps from a 1 + . . . + n -pointed genus-g smooth curve to P 1 satisfying (2).
Proof. The proof of the existence of H k,g, 1 ,..., n follows the steps of [HM82, Theorem 4, p. 58] . To see that this scheme is irreducible, we notice that it is an unramified finite covering of an open subset of the product over M g of H k,g with an open subset of the moduli M g,n of n-pointed stable curves of genus g. Indeed, the product H k,g × M g M g,n parametrizes admissible covers π : C → B together with marked points p 1 , . . . , p n in C. Let V be the open subset the product where π(p i ) = π(p j ) for i = j. Both H k,g and M g,n are irreducible by [M] and [K] , hence V is irreducible. Then the surjective map H k,g, 1 ,..., n → V taking an admissible cover π : C → B with marked points p 1 1 , . . . , p 1 1 , . . . , p n 1 , . . . , p n n on C to the same admissible cover with marked points p 1 1 , . . . , p n 1 on C is finite and unramified. Moreover, the product S 1 × . . . × S n of permutation groups acts transitivelly on its fibers,and thus H k,g, 1 ,..., n is irreducible as well. Since V has dimension 2g + 2k − 5 + n, so does H k,g, 1 ,..., n .
We now turn our attention to the morphisms of Hurwitz schemes induced by the admissible covers produced in Section 3. First let
be the natural transformation given, for a scheme S, by taking a k-sheeted admissible cover π : C → B over S where C is a genus-g curve over S with two marked points p 1 and p 2 such that π(p 1 ) = π(p 2 ) to a (k + 1)-sheeted admissible cover π : C → B where C , B and π are constructed as in Theorem 3 (a).
Let
be the natural transformation given, for a scheme S, by taking a k-sheeted admissible cover π : C → B over S where C is a genus-g curve over S with two marked points p 1 and p 2 such that π(p 1 ) = π(p 2 ) to a k-sheeted admissible cover π : C → B where C , B and π are constructed as in Theorem 3 (b). And finally, let
be the natural transformation given, for a scheme S, by taking a k i -sheeted admissible cover π i : C i → B i over S where C i is a genus-g i curve over S with δ marked points n
δ ), for i = 1, 2, to a (k 1 + k 2 − δ)-sheeted admissible cover π : C → B where C, B and π are constructed as in Theorem 6 for r = 2.
thm:geninj Theorem 12 For g ≥ 2 and k, δ ≥ 1, the natural transformations Φ, Ψ and Λ induce generically injective morphisms
where Symm 2 (H k,g,δ ) is the symmetric product. For g 1 , g 2 ≥ 2 and k 1 , k 2 ≥ 1 such that (g 1 , k 1 ) = (g 2 , k 2 ), the natural transformation Λ induces a generically injective morphism
Proof. We first consider φ e ψ. Let us show that the functors Φ, Ψ induce the morphism of schemes stated above. By [HM82, Theorem 4, p. 58] and Proposition 11, for each tuple n there are natural transformations Γ n : H n ( ) → Hom( , H n ). Let Υ : H n → H n be either Ψ or Φ. The composition Γ n • Υ is a natural transformation as well, hence there exists a unique natural transformation Ω : Hom( , H n ) → Hom( , H n ) such that Γ n • Υ = Ω • Γ n . By the universal property, there exists a unique morphism υ : H n → H n which induces Ω, namely υ = Ω(H n )(id Hn ). We now show that υ is generically injective. First we consider ν ∈ {ψ, φ}. Since H n is an open dense subset of H n , it is enough to show that ν −1 (ν(h)) = {h} for h ∈ H n . Let π : C → B be the admissible covering associated to h, and let π : C → B be the admissible covering associated to h = ν(h). By construction, C is a subcurve of C and we have g(C ) = g(C) + 1 and π | C = π.
Leth ∈ ν −1 (ν(h)) and letπ :C →B be the admissible covering associated toh. ThenC is a subcurve of C , g(C ) = g(C) + 1 and π |C =π. Since C is smooth and both C andC are subcurves of C of same genus g(C ) − 1 ≥ 2, we have that C is a smooth component ofC andπ| C = π. Now note that since h = ν(h), then by construction the number of irreducible components of C is equal to the number of irreducible components of C plus one (if ν = ψ) or three (if ν = φ). But also, since h = ν(h) the number of irreducible components of C is equal to the number of irreducible components ofC plus one (if ν = ψ) or three (if ν = φ). Hence C andC must have the same number of components. Thus since C is smooth, so is C and we haveC = C andπ = π, showing thath = h. Now we consider the map λ. As before, the composition Γ n •Λ is a natural transformation, where Λ : H n 1 × H n 2 → H n . Hence there exists a unique natural transformation Ω :
. By the universal property, there exists a unique morphism λ : H n 1 × H n 2 → H n which induces Ω, namely λ = Ω(H n 1 , H n 2 )(id Hn 1 , id Hn 2 ). If n 1 = n 2 = n, then it is clear by the contruction on Theorem 6 that the map factors through Symm 2 (H n ) so in this case we consider
We now show that λ is generically injective. Again, it is enough to show that if h i ∈ H n i for i = 1, 2, then λ −1 (λ(h 1 , h 2 )) = {h 1 , h 2 }. Let π i : C i → B i be the admissible covering associated to h i for i = 1, 2, and let π : C → B be the admissible covering associated to h = λ(h 1 , h 2 ). Since C 1 and C 2 are smooth, then by contruction they are the only irreducible of C and we have π | C i = π i , for i = 1, 2.
For i = 1, 2 leth i ∈ H n i be such that λ(h 1 ,h 2 ) = h and letπ i :C i →B i be the admissible covering associated toh i . ThenC i is a subcurve of C and C \C i = C j for {i, j} = {1, 2}. Moreover π|C i =π i for i = 1, 2. Since C has only two components, namely C 1 and C 2 , we must have {C 1 , C 2 } = {C 1 ,C 2 }. Now, if n 1 = n 2 then this clearly implies h i =h i for i = 1, 2. If n 1 = n 2 = n then {h 1 , h 2 } defines an unique point in Symm 2 (H n ) and we are done.
Abusing notation we talk about a curve in H k,g to mean a curve in the image of σ :
cor:phi Corollary 13 The general curve in the image of φ is (k + 1)-gonal and is not r-gonal for any r < k + 1.
Proof. By Theorem 11 we have dim(H k,g,1,1 ) = 2g + 2k − 3 and, since φ is generically injective, its image has dimension 2g + 2k − 3 as well. Now, note that the image of φ consists of admissible covers π : C → B where C and B are singular. Hence, if φ factors through H r,g+1 for some r ≤ k then its image lies in the boundary of H r,g+1 . Now since dim H r,g+1 = 2(g + 1) + 2r − 5 ≤ 2g + 2k − 3 then the border has dimension at most 2g +2k −2 < dim(H k,g,1,1 ) and hence φ cannot factor through H r,g+1 for r ≤ k.
cor:psi Corollary 14 The general curve on the image of ψ is k-gonal and is not r-gonal for any r < k.
Proof. By Theorem 11 we have dim H k,g,2 = 2g + 2k − 4 and, since ψ is generically injective, its image also has dimension 2g + 2k − 4. Now note that if r ≤ k − 1 then dim H r,g+1 = 2(g + 1) + 2r − 5 = 2g + 2r − 3 ≤ 2g + 2k − 5.
Consequently the image of ψ is not contained in H r,g+1 for r < k, thus proving the result.
cor:lambda Corollary 15 The general curve in the image of λ is (k 1 + k 2 − δ)-gonal and is not r-gonal for any r < k 1 + k 2 − δ.
Proof. By Theorem 11 we have,
and, since λ is generically injective, its image has dimension 2(g 1 + g 2 ) + 2 (k 1 + k 2 ) − 8 as well. (Note that dim(Symm 2 (H k,g,δ ) = 2 dim (H k,g,δ ) , so this also holds for g 1 = g 2 = g and k 1 = k 2 = k.) Now note that for r ≤ k 1 + k 2 − δ − 1 we have dim H r,g 1 +g 2 +δ−1 = 2(g 1 + g 2 + δ − 1) + 2r − 5 ≤ 2(g 1 + g 2 + δ − 1) + 2(k 1 + k 2 − δ − 1) − 5 = 2(g 1 + g 2 ) + 2 (k 1 + k 2 ) − 9.
Therefore λ does not factor through H k,g 1 +g 2 +δ−1 for r < k 1 + k 2 − δ.
We now describe the image of the maps introduced in Theorem 12. Note that these images lie in the border H k,g − H k,g of the corresponding Hurwitz scheme. Let ∆ n k,g be the closure of the locus in H k,g of admissible covers (π, B, q 1 , . . . , q b ) where B has n + 1 irreducible components. It is a well known fact that ∆ n k,g has pure codimension n in H k,g and ∆ n k,g ⊂ ∆ and Im(λ) = ∆ 1,min{2g 1 +2k 1 −2,2g 2 +2k 2 −2} k 1 +k 2 −δ,g 1 +g 2 +δ−1 .
Proof. As in the proof of Theorem 12, we denote the maps φ, ψ and λ by υ : H n → H n , for an appropriate choice of n and n . From the construction of φ, ψ and λ in Theorems 3 and 6, we see that the image of these maps lie in ∆ i n for some i = 1, 2. Since H n is irreducible, this image is also irreducible. Thus Im(υ) ⊂ ∆ for some irreducible component ∆ of ∆ i n . Since ∆ has codimension i in H n , to conclude that Im(υ) = ∆ it is enough to notice that this image also has codimension i in H n . Now, from the proof of Theorem 3 (a), we see that the image of φ is contained in ∆ 2,(2,2) k+1,g+1 and from the proof of Corollary 13, it has codimension two in H k+1,g+1 . Also, from the proof of Theorem 3 (b), we see that the image of ψ is contained in ∆ 1,2 k,g+1 and and from the proof of Corollary 14 it has codimension one in H k,g+1 . Finally, from the proof of Theorem 6, we see that the image of λ is contained in ∆ 1,min{2g 1 +2k 1 −2,2g 2 +2k 2 −2} k 1 +k 2 −δ,g 1 +g 2 +δ−1 and from the proof of Corollary 15 it has codimension one in H k 1 +k 2 −δ,g 1 +g 2 +δ−1 , thus proving the result.
An interesting consequence of this result is that ∆ 1 k,g can be completely covered by the closures of the images of maps λ : H k 1 ,g 1 ,δ × H k 2 ,g 2 ,δ → H k 1 +k 2 −δ,g 1 +g 2 +δ−1 .
Indeed, we have proven that an irreducible component ∆ 1, k,g is the closure of the image of λ if the integers k 1 , g 1 , k 2 , g 2 and δ satisfy k = k 1 + k 2 − δ, g = g 1 + g 2 + δ − 1 and = 2g 1 + 2k 1 − 2.
